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AND HELLEN SANTANA
Abstract. The generalization of the Morse theory presented by Goresky and
MacPherson is a landmark that divided completely the topological and geome-
trical study of singular spaces. In this work, we consider (X, 0) a germ at 0
of toric variety and non-degenerate function-germs f, g : (X, 0) → (C, 0), and
we prove that the difference of the Brasselet numbers Bf,X(0) and Bf,X∩g−1(0)(0)
is related with the number of Morse critical points on the regular part of the
Milnor fiber of f appearing in a morsefication of g, even in the case where g
has a critical locus with arbitrary dimension. This result connects topological
and geometric properties and allows us to determine many interesting formulae,
mainly in therms of the combinatorial information of the toric varieties.
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1. Introduction
The geometric and topological study of singular varieties or singular maps are
related to several classical problems in Mathematics. Singularity Theory, struc-
tured as a field of research, has risen from the works of Whitney, Mather and
Thom around 1960’s.
Whitney’s Embedding Theorem established the best linear bound on the small-
est dimensional Euclidean space, R2m, in which an m-dimensional manifold M
embeds. An interesting question is to consider the types of singularities that occur
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when it is not possible to embed M in Rn and to study their stability. Thom also
played a major role by proving important stability results and with keen foresight
predicted conjectures that directed the research in the field for years to come, see
[39]. Mather, in a series of articles, advances the research in this area to new
depths, establishing solid foundation for Singularity Theory [26, 27, 28, 29].
Suppose that X is a topological space, f is a smooth real valued function on X,
and c is a real number. The fundamental problem of Morse theory is to study the
topological changes in the space X as the number c varies.
In classical Morse theory, the space X is taken to be a compact differentiable
manifold. Let f be the projection onto the vertical coordinate axis. So, f(x) mea-
sures the height of the point x. We imagine slowly increasing c and we watch
how the topology changes.
In [18] the authors generalize Morse theory by extending the class of spaces to
which it applies. This increase in generality allows us to apply Morse Theory to
several new questions. This new theory had a great impact in the study of the
topology and geometry of singular spaces, for instance.
Let us suppose that X is a compact Whitney stratified subspace of a manifoldM
and that f is the restriction to X of a smooth function on M. We define a critical
point of f to be a critical point of the restriction of f to any stratum. A critical
value is, as before, the value of f at a critical point. Goresky and MacPherson in
their book give the natural generalization of classical Morse theory on a manifold
M to stratified spaces.
An important invariant associated to a germ of an analytic function f : (Cn, 0)→
(C, 0) with an isolated critical point at the origin is denoted by µ(f) and it is de-
fined as
µ(f) :=
dimCOn
J(f)
,
where On is the ring of germs of analytic functions at the origin, and J(f) is the
Jacobian ideal of f. This invariant, defined by Milnor in [32] and called the Milnor
number of f, provides information on the geometry of f and also information
about the local topology of the hypersurface X = f−1(0). For example, when f
has an isolated critical point at the origin, the following invariants coincide up to
sign:
(a) the Milnor number of f at the origin;
(b) the number of Morse critical points of a morsefication of f;
(c) the Poincare´-Hopf index of the complex conjugate of the gradient vector
field of f.
Let (X, 0) be the germ of an analytic singular space embedded in Cn and f :
(X, 0) → (C, 0) a germ of analytic function. Brasselet et al. introduced in [5] a
generalization of (c), called Euler obstruction of f, denoted by Euf,X(0). Roughly, it
is the obstruction to extending a lifting of the conjugate of the gradient vector field
of f as a section of the Nash bundle of (X, 0). It is then natural to compare Euf,X(0)
to the Milnor number of f in the case of a singular germ (X, 0). This has been a
question raised in [37]. The Euler obstruction of a function was investigated by
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many authors as Ament et al. [1], Dalbelo and Pereira [11], Dutertre and Grulha
[14], Massey [25], Seade, Tiba˘r and Verjowisky [37] to mention just a few. For an
overview on the topic one can see [3] or the book [7].
The Euler obstruction of f is called such because of its relation with the local
Euler obstruction of X defined by MacPherson [21] and denoted by EuX(0). Sev-
eral authors have proved formulae for the local Euler obstruction. In particular,
Brasselet et al. proved a Lefschetz-type formula in [4].
Inspired by the famous formula to compute the local Euler obstruction in terms
of the polar multiplicities due to Leˆ and Teissier [20], Brasselet conjectured that it
would be possible to compute the Euler obstruction of a function in terms of the
relative polar varieties. Dutertre and Grulha [13] proved that, for a function germ
f : (X, 0) → (C, 0) with isolated singularity, the difference EuX(0) − Euf,X(0) can
be computed in terms of the relative polar varieties. Then, the authors called this
difference the Brasselet number, denoted by Bf,X(0) (see Definition 2.13). If f is lin-
ear and generic, then Bf,X(0) = EuX(0), hence it can be viewed as a generalization
of the local Euler obstruction. Moreover, even if f has a non-isolated singularity
it provides interesting results. For example, the Brasselet number satisfies a Leˆ-
Greuel type formula (see [13, Theorem 4.4]), i.e., the difference of the Brasselet
numbers Bf,X(0) and Bf,Xg(0) is measured by the number of Morse critical points
on the regular part of the Milnor fiber of f appearing in a morsefication of g,
where g : (X, 0)→ (C, 0) is a prepolar function and Xg = X ∩ g−1(0).
A first generalization of this result was given by Santana [36], that considered
the case where the function g has a stratified singular set of dimension 1 and
proved that in this case the difference of the Brasselet numbers Bf,X(0) and Bf,Xg(0)
is still related with the number of Morse critical points on the regular part of the
Milnor fiber of f appearing in a morsefication of g.
Although they are very interesting, the problems mentioned above are not easy
in general. In Mathematics, an usual strategy is to prove some results in a con-
trolled class of variety, but sufficiently wide to have a good felling if the result
could hold in general. Even if it is not, if we find a wide and nice class in which
we can deal with, it can be very useful.
A very important and wide class of algebraic varieties to study in Algebraic
Geometry, Singularity Theory and Algebraic Topology are the toric varieties [16].
These are very interesting objects, with very useful properties and connexions.
We can highlight its relation with elemental convex geometry, for example, which
relates the combinatorial study of convex polytopes with algebraic torus actions.
Toric varieties can be characterized by the property that they have an action
of the algebraic torus (C∗)d, and with this action one decompose the variety in
orbits all homeomorphic to torus. Due to this fact, and also the informations
coming from the combinatorial residing in these varieties, many questions that
was originally studies for functions defined on Cd can be extended to functions
defined on toric varieties. For instance, the famous result of Varchenko [40] which
describes the topology of the Milnor fiber of a function f : (Cd, 0) → (C, 0) using
the geometry of the Newton polygon of f are recently generalized by Matsui
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and Takeuchi [31], presenting a formula for monodromy zeta functions of Milnor
fibers over singular toric varities and also for Milnor fibers over non-degenerate
complete intersection subvarities of toric varieties.
Given (Y, 0) ⊂ (X, 0) a germ of non-degenerate complete intersection in a toric
variety (X, 0), Dalbelo and Hartmann [10] presented a relation between the Bras-
selet number of a function-germ f : (Y, 0) → (C, 0) and the combinatorial that
came from the Newton polygons associated to f and Y. Such relation allowed
the authors to derive sufficient conditions to obtain the invariance of the Euler
obstruction for families of non-degenerate complete intersections which are con-
tained in (X, 0) [10, Theorem 4.1].
In this work, we consider (X, 0) a germ of toric variety at the origin and
f, g : (X, 0) → (C, 0) non-degenerate function-germs and we prove that the dif-
ference of the Brasselet numbers Bf,X(0) and Bf,Xg(0) is related with the number
of Morse critical points on the regular part of the Milnor fiber of f appearing in
a morsefication of g, even in the case where g has a critical locus with arbitrary
dimension.
This paper is organized as follows. In Section 2 we present some background
material concerning the Euler obstruction, Brasselet number and toric varieties,
which will be used in the entire work. In Section 3, given (X, 0) the germ at
the origin of a toric variety and g, f : (X, 0) → (C, 0) non-degenerate polynomial
function-germs we construct a good stratification Vf of the representative X rela-
tive to f and also a good stratification V ′ of Xg relative to f. Moreover, using these
stratifications we prove our main result, which stated that the difference of the
Brasselet numbers Bf,X(0) and Bf,Xg(0) is related with the number of Morse critical
points on the regular part of the Milnor fiber of f appearing in a morsefication
of g, even in the case where g has a d-dimensional critical locus, with arbitrary
d. In Section 4 we establish some results and corollaries that we obtain from the
results of Section 3. In Section 5 we consider the case where (X, 0) = (Cn, 0) and
we derive sufficient conditions to obtain the constancy of the number of Morse
points, for families of non-degenerate hypersurfaces which are contained on X.
2. Preliminaries notions and results
For convenience of the reader and to fix some notation we present some general
facts in order to establish our results.
2.1. Euler obstruction. The local Euler obstruction is a singular invariant defined
by MacPherson in [21] as a tool to prove the conjecture about the existence and
unicity of the Chern classes in the singular case. Since then the Euler obstruction
has been extensively investigated by many authors such as Brasselet and Schwartz
[6], Sebastiani [38], Leˆ and Teissier [20], Sabbah [35], Dubson [12], Kashiwara [19]
and others. For an overview of the Euler obstruction see [2]. Let us now introduce
some objects in order to define the Euler obstruction.
Let (X, 0) ⊂ (Cn, 0) be an equidimensional reduced complex analytic germ of
dimension d and X a sufficiently small representative of the germ in an open set
U ⊂ Cn. We consider a complex analytic Whitney stratification V = {Vi} of U
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adapted to X and we assume that {0} is a stratum. We choose a small represen-
tative of (X, 0) such that 0 belongs to the closure of all the strata. We will denote
it by X and we will write X = ∪qi=0Vi where V0 = {0} and Vq = Xreg is the set of
regular points of X. We will assume that the strata V0, . . . , Vq−1 are connected and
that the analytic sets V0, . . . , Vq−1 are reduced.
Let G(d, n) denote the Grassmanian of complex d-planes in Cn. On the regular
part Xreg of X the Gauss map φ : Xreg → U × G(d, n) is well defined by φ(x) =
(x, Tx(Xreg)).
Definition 2.1. The Nash transformation (or Nash blow up) X˜ of X is the closure
of the image Im(φ) in U × G(d, n). It is a (usually singular) complex analytic space
endowed with an analytic projection map ν : X˜ → X which is a biholomorphism away
from ν−1(Sing(X)).
The fiber of the tautological bundle T over G(d, n), at point P ∈ G(d, n), is
the set of vectors v in the d-plane P. We still denote by T the corresponding
trivial extension bundle over U×G(d, n). Let T˜ be the restriction of T to X˜, with
projection map pi. The bundle T˜ on X˜ is called the Nash bundle of X.
An element of T˜ is written (x, P, v) where x ∈ U, P is a d-plane in Cn based at
x and v is a vector in P. The following diagram holds:
T˜ ↪→ T
pi ↓ ↓
X˜ ↪→ U×G(d, n)
ν ↓ ↓
X ↪→ U.
Adding the stratum U\X we obtain a Whitney stratification of U. Let us denote
the restriction to X of the tangent bundle of U by TU|X. We know that a stratified
vector field v on X means a continuous section of TU|X such that if x ∈ Vi ∩X then
v(x) ∈ Tx(Vi). From the Whitney condition (a), one has the following lemma.
Lemma 2.2. [6]. Every stratified vector field v on a subset A ⊂ X has a canonical lifting
to a section v˜ of the Nash bundle T˜ over ν−1(A) ⊂ X˜.
Now consider a stratified radial vector field v(x) in a neighborhood of {0} in X,
i.e., there is ε0 such that for every 0 < ε ≤ ε0, v(x) is pointing outwards the ball
Bε over the boundary Sε := ∂Bε.
The following interpretation of the local Euler obstruction has been given by
Brasselet and Schwartz in [6].
Definition 2.3. Let v be a radial vector field on X∩Sε and v˜ the lifting of v on ν−1(X∩Sε)
to a section of the Nash bundle. The local Euler obstruction (or simply the Euler
obstruction) EuX(0) is defined to be the obstruction to extending v˜ as a nowhere zero
section of T˜ over ν−1(X ∩ Bε).
More precisely, let O(v˜) ∈ H2d(ν−1(X ∩ Bε), ν−1(X ∩ Sε),Z) be the obstruction
cocycle to extending v˜ as a nowhere zero section of T˜ inside ν−1(X∩Bε). The local
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Euler obstruction EuX(0) is defined as the evaluation of the cocycle O(v˜) on the
fundamental class of the pair [(X ∩ Bε), ν−1(X ∩ Sε)] and therefore it is an integer.
In [4, Theorem 3.1], Brasselet, Leˆ and Seade proved a formula to make the
calculation of the Euler obstruction easier.
Theorem 2.4. Let (X, 0) and V be given as before, then for each generic linear form l,
there exists ε0 such that for any ε with 0 < ε < ε0 and δ 6= 0 sufficiently small, the Euler
obstruction of (X, 0) is equal to
EuX(0) =
q∑
i=1
χ(Vi ∩ Bε ∩ l−1(δ)) · EuX(Vi),
where χ is the Euler characteristic, EuX(Vi) is the Euler obstruction of X at a point of
Vi, i = 1, . . . , q and 0 < |δ| ε 1.
Let us give the definition of another invariant introduced by Brasselet, Massey,
Parameswaran and Seade [5]. Let f : X → C be a holomorphic function with
isolated singularity at the origin given by the restriction of a holomorphic function
F : U → C and denote by ∇F(x) the conjugate of the gradient vector field of F in
x ∈ U,
∇F(x) :=
(
∂F
∂x1
, . . . ,
∂F
∂xn
)
.
Since f has an isolated singularity at the origin, for all x ∈ X \ {0}, the projection
ζ^i(x) of ∇F(x) over Tx(Vi(x)) is non-zero, where Vi(x) is a stratum containing
x. Using this projection, the authors constructed a stratified vector field over X,
denoted by ∇f(x). Let ζ˜ be the lifting of ∇f(x) as a section of the Nash bundle T˜
over X˜ without singularity over ν−1(X ∩ Sε). Let O(ζ˜) ∈ H2n(ν−1(X ∩ Bε), ν−1(X ∩
Sε)) be the obstruction cocycle for extending ζ˜ as a non-zero section of T˜ inside
ν−1(X ∩ Bε).
Definition 2.5. The local Euler obstruction of the function f,Euf,X(0) is the evalua-
tion of O(ζ˜) on the fundamental class [ν−1(X ∩ Bε), ν−1(X ∩ Sε)].
The next theorem compares the Euler obstruction of a space X with the Euler
obstruction of function defined over X.
Theorem 2.6 ([5], Theorem 3.1). Let (X, 0) and V be given as before and let
f : (X, 0)→ (C, 0) be a function with an isolated singularity at 0. For 0 < |δ| ε 1,
we have
Euf,X(0) = EuX(0) −
q∑
i=1
χ(Vi ∩ Bε ∩ f−1(δ)) · EuX(Vi).
In the stratified case, as we consider {0} as a stratum, how could we “measure”
the degeneracy of f at this point? In order to have a good generalization of a
morsefication in the singular case, we need to deal with the contribution of the
variety at point in a 0-dimensional strata. The idea is to characterize a kind of
“Morse” point in this setting. Theses points are the generic points defined bellow.
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Definition 2.7. Let V = {Vβ} be a stratification of a reduced complex analytic space X
and p be a point in a stratum Vβ of V . A degenerate tangent plane of V at p is an
element T of some Grassmanian manifold such that T = lim
pi→p TpiVα, where pi ∈ Vα,
Vα 6= Vβ.
Definition 2.8. Let (X, 0) ⊂ (U, 0) be a germ of complex analytic space in Cn equipped
with a Whitney stratification and let f : (X, 0)→ (C, 0) be an analytic function, given by
the restriction of an analytic function F : (U, 0) → (C, 0). Then 0 is said to be a generic
point of f if the hyperplane Ker(d0F) is transverse in Cn to all degenerate tangent planes
of the Whitney stratification at 0.
The definition of a morsefication of a function is given as follows.
Definition 2.9. Let W = {W0,W1, . . . ,Wq}, with 0 ∈ W0, a Whitney stratification
of the complex analytic space X. A function f : (X, 0) → (C, 0) is said to be Morse
stratified if dimW0 ≥ 1, f|W0 :W0 → C has a Morse point at 0 and 0 is a generic point
of f with respect to Wi, for all i 6= 0. A stratified morsefication of a germ of analytic
function f : (X, 0)→ (C, 0) is a deformation f˜ of f such that f˜ is Morse stratified.
Seade, Tiba˘r and Verjovsky [37, Proposition 2.3] proved that the Euler obstruc-
tion of a function f is also related to the number of Morse critical points of a
stratified morsefication of f.
Proposition 2.10. Let f : (X, 0) → (C, 0) be a germ of analytic function with isolated
singularity at the origin. Then,
Euf,X(0) = (−1)dm,
where m is the number of Morse points in Xreg in a stratified morsefication of f.
2.2. Stratifications and Brasselet number. Considering a complex analytic germ
(X, 0), a function-germ f : (X, 0) → (C, 0), which is the restriction of a represen-
tative of an analytic function-germ F : (U, 0) → (C, 0) and assuming that X is
equipped with a good stratification relative to f, Dutertre and Grulha [13] defined
the Brasselet number, Bf,X(0), and, under some conditions, obtained a Leˆ-Greuel
formula for this invariant. When f has an isolated singularity this number is given
by the difference Bf,X(0) = EuX(0)−Euf,X(0). When f is linear and generic, it gives
EuX(0), hence Bf,X(0) can be viewed as a generalization of the Euler obstruction.
In order to introduce the definition and properties of the Brasselet’s number,
we need some notions concerning stratifications that we present bellow. For more
details, we refer to Massey [23, 24]. For subsets A ⊂ Cn, B ⊂ Cm and a function
f : A→ B we will fix the notation Af := A ∩ f−1(0).
Definition 2.11. A good stratification of X relative to f is a stratification V of X which
is adapted to Xf, i.e., Xf is a union of strata such that
{
Vi ∈ V
∣∣ Vi 6⊂ Xf} is a Whitney
stratification of X \ Xf and such that for any pair of strata (Vα, Vβ) such that Vα 6⊂ Xf
and Vβ ⊂ Xf, the (af)-Thom condition is satisfied. We call the strata included in Xf the
good strata.
By [18], given a stratification S of X, one can refine S to obtain a Whitney
stratification V of X which is adapted to Xf. Moreover, by [9, Theorem 4.3.2] (see
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also [34]), the refinement V satisfies the af-Thom condition. This means that good
stratifications always exist.
For instance, if V is a Whitney stratification of X and f : X → C has a stratified
isolated critical point, then{
Vα \ X
f, Vα ∩ Xf \ {0} , {0}
∣∣ Vα ∈ V}
is a good stratification for f. We call it the good stratification induced by f.
Definition 2.12. The critical locus of f relative to V , ΣVf, is defined by the union
ΣVf =
⋃
Vλ∈V
Σ(f|Vλ).
Durtertre and Grulha [13] defined the Brasselet number as follows.
Definition 2.13. Suppose that X is equidimensional. Let V = {Vi}qi=0 be a good stratifi-
cation of X relative to f. The Brasselet number, Bf,X(0), is defined by
Bf,X(0) =
q∑
i=1
χ
(
Vi ∩ Bε(0) ∩ f−1(δ)
) · EuX(Vi),
where 0 < |δ| ε 1.
In [13] the authors proved that the Brasselet number has a Leˆ-Greuel type for-
mula, which relates this invariant with the number of Morse critical points. For
present this property it is necessary the following definition.
Definition 2.14. Let V be a good stratification of X relative to f. We say that g : (X, 0)→
(C, 0) is prepolar with respect to V at the origin if the origin is a stratified isolated critical
point of g.
Given f and g function-germs defined on (X, 0), the (af)-Thom condition in
Definition 2.13 together with the hypothesis of g be prepolar guarantee that g :
X ∩ f−1(δ) ∩ Bε → C has no critical points on {g = 0} [23, Proposition 1.12] and so
the number of stratified Morse critical points on the top stratum Vq∩f−1(δ)∩Bε(0)
appearing in a morsefication of g : X∩ f−1(δ)∩Bε(0)→ C does not depend on the
morsefication.
The following result shows that the Brasselet number satisfies a Leˆ-Greuel type
formula [13, Theorem 4.4].
Theorem 2.15. Suppose that X is equidimensional and that g is prepolar with respect to
V at the origin. For 0 < |δ| ε 1, we have
Bf,X(0) − Bf,Xg(0) = (−1)d−1m,
where m is the number of stratified Morse critical points of a morsefication of g : X ∩
f−1(δ) ∩ Bε → C appearing on Xreg ∩ f−1(δ) ∩ {g 6= 0} ∩ Bε. In particular, this number
does not depend on the morsefication.
In [36, Theorem 3.2], Santana considered the case where the function g has a
stratified singular set of dimension 1 and proved that in this case the difference
of the Brasselet numbers Bf,X(0) and Bf,Xg(0) is still related with the number of
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Morse critical points on the regular part of the Milnor fiber of f appearing in a
morsefication of g. To prove this result the author considered that the function-
germ g is tractable.
The notion of tractability it be also important in our results, then in the se-
quence we present this concept. Aiming to define the notion of tractability, we
need the following auxiliary definitions.
Definition 2.16. If V = {Vλ} is a stratification of X, the symmetric relative polar
variety of f and g with respect to V , Γ˜f,g(V), is the union ∪λΓ˜f,g(Vλ), where Γf,g(Vλ)
denotes the closure in X of the critical locus of (f, g)|Vλ\(Xf∪Xg).
Using these varieties, we can introduce the notion of tractability.
Definition 2.17. A function g : (X, 0)→ (C, 0) is tractable at the origin with respect
to a good stratification V of X relative to f : (X, 0) → (C, 0) if the dimension of
Γ˜ 1f,g(V) is less or equal to 1 in a neighborhood of the origin and, for all strata Vα ⊆ Xf,
g|Vα has no critical points in a neighborhood of the origin except perhaps at the origin
itself.
In the following we present Santana’s result.
Theorem 2.18. Suppose that g is tractable at the origin with respect to V relative to f.
Then, for 0 < |δ| ε 1,
Bf,X(0) − Bf,Xg(0) −
r∑
j=1
mf,bj · (EuX(bj) − EuXg(bj)) = (−1)d−1m,
where m is the number of stratified Morse critical points of a partial morsefication of
g : X∩f−1(δ)∩Bε → C appearing on Xreg∩f−1(δ)∩{g 6= 0}∩Bε, ΣVg = {0}∪b1∪. . .∪br
and mf,bj is the multiplicity of f|bj .
2.3. Toric Varieties. In what follow we present the definition of toric variety and
the necessary background in order to state our results. As a reference for these
definitions, we use [31].
Let N ∼= Zd be a Z-lattice of rank d and σ a strongly convex rational polyhedral
cone in NR = R⊗Z N. We denote by M the dual lattice of N and the polar cone σˇ
of σ in MR = R⊗ZM by
σˇ =
{
v ∈MR
∣∣ 〈u, v〉 ≥ 0 for any u ∈ σ},
where 〈·, ·〉 is the usual inner product in Rd. Then the dimension of σˇ is d and we
obtain a semigroup Sσ := σˇ ∩M.
Definition 2.19. A d-dimensional affine Toric Variety Xσ is defined by the spectrum of
C[Sσ], i.e., X = Spec(C[Sσ]).
There exists a natural action from the algebraic torus T = Spec(C[M]) ∼= (C∗)d
on Xσ, moreover the T -orbits of this action are in a 1-1 relation with the faces ∆ of
σˇ (∆ ≺ σˇ). Then, if L(∆) is the smallest linear subspace of MR containing ∆, we
denote by T∆ the T -orbit in Spec(C[M ∩ L(∆)]) which corresponds to ∆ ≺ σˇ. The
d-dimensional affine toric varieties are exactly those d-dimensional affine, normal
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varieties admitting a (C∗)d-action with an open and dense orbit homeomorphic to
(C∗)d. Besides, each T -orbit T∆ is homeomorphic to (C∗)r, where r is the dimen-
sion of L(∆). Therefore, we obtain a decomposition Xσ =
⊔
∆≺σˇ T∆ into T -orbits,
which are homeomorphic to algebraic torus (C∗)r.
Since we study properties of the Brasselet number of function-germs on Xσ, let
us introduce some concepts that will be necessary.
Consider f : Xσ → C a polynomial function on Xσ, i.e., a function which corre-
sponds to an element f =
∑
v∈Sσ av · v of C[Sσ], where av ∈ C.
Definition 2.20. Let f =
∑
v∈Sσ av · v be a polynomial function on Xσ.
(a) The set {v ∈ Sσ; av 6= 0} ⊂ Sσ is called the support of f and we denote it by supp f;
(b) The Newton polygon Γ+(f) of f is the convex hull of⋃
v∈supp f
(v+ σˇ) ⊂ σˇ.
Now let us fix a function f ∈ C[Sσ] such that 0 /∈ supp f, i.e., f : Xσ → C
vanishes at the T -fixed point 0. Considering M(Sσ) the Z-sublattice of rank d in
M generated by Sσ, each element v of Sσ ⊂ M(Sσ) is identified with a Z-vector
v = (v1, . . . , vd) and to any g =
∑
v∈Sσ bv · v ∈ C[Sσ] we can associate a Laurent
polynomial L(g) =
∑
v∈Sσ bv · xv on T = (C∗)d, where xv := xv11 · xv22 . . . xvdd .
Definition 2.21. A polynomial function f =
∑
v∈Sσ av · v ∈ C[Sσ] is said to be non-
degenerate if for any compact face γ of Γ+(f) the complex hypersurface{
x = (x1, . . . , xd) ∈ (C∗)d
∣∣ L(fγ)(x) = 0}
in (C∗)d is smooth and reduced, where fγ :=
∑
v∈γ∩Sσ av · v.
It is possible to describe geometrical and topological properties of non-degene-
rate singularities by the combinatorics. This is done in [31] using mixed volume
as follows.
For each face ∆ ≺ σˇ such that Γ+(f)∩∆ 6= ∅, let β∆1 , β∆2 , . . . , β∆µ(∆) be the compact
faces of Γ+(f)∩∆ such that dimβ∆i = dim∆−1. Let Γ∆i be the convex hull of β∆i unionsq{0}
in L(∆) and consider the normalized (dim∆)-dimensional volume VolZ(Γ∆i ) ∈ Z
of Γ∆i with respect to the lattice M(Sσ ∩∆), where M(Sσ ∩∆) denote the sublattice
of M(Sσ) generated by Sσ ∩ ∆.
Non-degeneracy can also be study in case of complete intersections defined on
Xσ. Let f1, f2, . . . , fk ∈ C[Sσ] (1 ≤ k ≤ d = dimXσ) and consider the following
subvarieties of Xσ:
V := {f1 = · · · = fk−1 = fk = 0} ⊂W := {f1 = · · · = fk−1 = 0} .
Assume that 0 ∈ V . For each face ∆ ≺ σˇ such that Γ+(fk) ∩ ∆ 6= ∅, we set
I(∆) =
{
j = 1, 2, . . . , k− 1
∣∣ Γ+(fj) ∩ ∆ 6= ∅} ⊂ {1, 2, . . . , k− 1}
and m(∆) = ]I(∆) + 1.
Let L(∆) and M(Sσ ∩ ∆) be as before and L(∆)∗ the dual vector space of L(∆).
Then M(Sσ ∩∆)∗ is naturally identified with a subset of L(∆)∗ and the polar cone
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∆ˇ = {u ∈ L(∆)∗; 〈u, v〉 ≥ 0 for any v ∈ ∆} of ∆ in L(∆)∗ is a rational polyhedral
convex cone with respect to the lattice M(Sσ ∩ ∆)∗ in L(∆)∗.
Definition 2.22. (i) For a function f =
∑
v∈Γ+(f)
av · v ∈ C[Sσ] on Xσ and u ∈ ∆ˇ, we set
f|∆ =
∑
v∈Γ+(f)∩∆ av · v ∈ C[Sσ ∩ ∆] and
Γ(f|∆;u) = {v ∈ Γ+(f) ∩ ∆; 〈u, v〉 = min 〈u,w〉 , for w ∈ Γ+(f) ∩ ∆} .
We call Γ(f|∆;u) the supporting face of u in Γ+(f) ∩ ∆.
(ii) For j ∈ I(∆) ∪ {k} and u ∈ ∆ˇ, we define the u-part fuj ∈ C[Sσ ∩ ∆] of fj by
fuj =
∑
v∈Γ(fj|∆;u)
av · v ∈ C[Sσ ∩ ∆],
where fj =
∑
v∈Γ+(fj)
av · v ∈ C[Sσ].
By taking a Z-basis of M(Sσ) and identifying the u-parts fuj with Laurent poly-
nomials L(fuj ) on T = (C∗)d as before, we have the following definition which
does not depend on the choice of the Z-basis of M(Sσ).
Definition 2.23. We say that (f1, . . . , fk) is non-degenerate if for any face ∆ ≺ σˇ such
that Γ+(fk)∩∆ 6= ∅ (including the case where ∆ = σˇ) and any u ∈ Int(∆ˇ)∩M(Sσ ∩∆)∗
the following two subvarieties of (C∗)d are non-degenerate complete intersections{
x ∈ (C∗)d; L(fuj )(x) = 0, ∀j ∈ I(∆)
}
;
{
x ∈ (C∗)d; L(fuj )(x) = 0, ∀j ∈ I(∆) ∪ {k}
}
.
For each face ∆ ≺ σˇ of σˇ such that Γ+(fk) ∩ ∆ 6= ∅, let us set
f∆ =
(∏
j∈I(∆)
fj
) · fk ∈ C[Sσ]
and consider its Newton polygon Γ+(f∆) =
{∑
j∈I(∆) Γ+(fj)
}
+ Γ+(fk) ⊂ σˇ. Let
γ∆1 , . . . , γ
∆
ν(∆) be the compact faces of Γ+(f∆)∩∆(6= ∅) such that dimγ∆i = dim∆−1.
Then for each 1 ≤ i ≤ ν(∆) there exists a unique primitive vector u∆i ∈ Int(∆ˇ) ∩
M(Sσ ∩ ∆)∗ which takes its minimal in Γ+(f∆) ∩ ∆ exactly on γ∆i .
For j ∈ I(∆)∪{k}, set γ(fj)∆i := Γ(fj|∆;u∆i ) and d∆i := minw∈Γ+(fk)∩∆
〈
u∆i , w
〉
. Note
that we have
γ∆i =
∑
j∈I(∆)∪{k}
γ(fj)
∆
i
for any face ∆ ≺ σˇ such that Γ+(fk) ∩ ∆ 6= ∅ and 1 ≤ i ≤ ν(∆). For each face
∆ ≺ σˇ such that Γ+(fk) ∩ ∆ 6= ∅, dim∆ ≥ m(∆) and 1 ≤ i ≤ ν(∆), we set
I(∆) ∪ {k} = {j1, j2, . . . , jm(∆)−1, k = jm(∆)} and
K∆i :=
∑
α1+···+αm(∆)=dim∆−1
αq≥1 for q≤m(∆)−1
αm(∆)≥0
VolZ(γ(fj1)
∆
i , . . . , γ(fj1)
∆
i︸ ︷︷ ︸
α1−times
, . . . , γ(fjm(∆))
∆
i , . . . , γ(fjm(∆))
∆
i︸ ︷︷ ︸
αm(∆)−times
).
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Here
VolZ(γ(fj1)
∆
i , . . . , γ(fj1)
∆
i︸ ︷︷ ︸
α1−times
, . . . , γ(fjm(∆))
∆
i , . . . , γ(fjm(∆))
∆
i︸ ︷︷ ︸
αm(∆)−times
)
is the normalized (dim∆−1)-dimensional mixed volume with respect to the lattice
M(Sσ∩∆)∩L(γ∆i ) (see Definition 2.6, pg 205 from [17]). For ∆ such that dim∆−1 =
0, we set
K∆i = VolZ(γ(fk)
∆
i , . . . , γ(fk)
∆
i︸ ︷︷ ︸
0−times
) := 1
(in this case γ(fk)∆i is a point).
The class of non-degenerate singularity is open and dense when the Newton
boundary (the union of the compact faces of the Newton polygon) is fixed.
3. Good stratifications induced for non-degenerate functions
From now on, let us denote by Xσ a sufficiently small representative of the germ
of toric variety (Xσ, 0), and by f a representative of the function-germ f : (Xσ, 0)→
(C, 0).
In order to have a Santana’s type result we need to find suitable good stratifica-
tions of the representatives of Xσ and of X
g
σ near the origin without any hypothesis
on the dimension of the singular set of f or g. In the context of Toric Varieties, we
present such suitable good stratifications in the next lemmas.
Let T = {T∆}∆≺σˇ be the Whitney stratification of Xσ induced by the torus action
orbits. Given f : Xσ → C a non-degenerate function we denote by T∆f a stratum of
T contained in ΣT f.
Lemma 3.1. There exists a refinement for strata T∆f ⊂ ΣT f which provides a refinement
Vf of T ,
Vf =
{
T∆ \ {f = 0}, T∆ ∩ {f = 0} \ ΣT f, T∆f = ∪Wfi ⊂ ΣT f
}
which is a good stratification of Xσ relative to f.
Proof. It is sufficient to prove that Vf is a Whitney stratification of Xσ.
Consider a pair of strata (Vα, Vβ) such that Vβ ⊆ Vα. For a pair of strata of
type (T∆1 \ {f = 0}, T∆2 \ {f = 0}) the Whitney’s condition (b) is valid, since
T∆i\{f=0} is an open subset of T∆i , i = 1, 2, and (T∆1 , T∆2) is Whitney regular. A
pair of strata (T∆1 \ {f = 0}, T∆2 ∩ {f = 0} \ ΣT f) is also Whitney regular if
(T∆1 , T∆2) is Whitney regular, since {f = 0} \ ΣT f intersects T∆2 transversely. For
(T∆1 \ {f = 0}, T∆f), T∆f ⊂ ΣT f, the Whitney’s condition (b) is also valid, since
T∆1 \ {f = 0} is an open subset of T∆1 and (T∆1 , T∆2) is Whitney regular. The pair
(T∆1 ∩ {f = 0} \ ΣWf, T∆2 ∩ {f = 0} \ ΣT f) is Whitney regular, since {f = 0} \ ΣT f
intersects T∆i , i = 1, 2, transversely and (T∆1 , T∆2) is Whitney regular. The pair
(T∆f ⊂ ΣT f, T∆′f ⊂ ΣT f) is, by hypothesis, Whitney regular. At last, the pair
(T∆ ∩ {f = 0} \ ΣT f, T∆f ⊂ ΣT f) may not satisfied the Whitney’s condition (b).
Since Whitney stratification always exist, one can refine T∆f ⊂ ΣT f in such a way
that each pair of type (T∆ ∩ {f = 0} \ ΣT f, T∆f ⊂ ΣT f) is Whitney regular and the
result follows. 
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Remark 3.2. If we consider f, g : Xσ → C non-degenerate functions such that
ΣT g ∩ {f = 0} = {0}, then ΣVfg = ∪T∆ \ {f = 0} where ∆ denotes faces of σˇ
satisfying Γ+(g) ∩ ∆ = ∅.
Let f, g : Xσ → C be non-degenerate functions. Applying Lemma 3.1 for g, one
obtains a good stratification of Xσ relative to g
Vg =
{
T∆ \ {g = 0}, T∆ ∩ {g = 0} \ ΣT g, T∆g = ∪iWgi ⊆ ΣT g
}
,
where ∪iWgi is a refinement of T∆g which guarantees the Whitney regularity of
the pair of strata (T∆ ∩ {g = 0} \ ΣT g,Wgi ). But to state our main result we need
more than that. The next lemma is a key-condition result for our main theorem.
Lemma 3.3. Suppose that g is tractable at the origin with respect to Vf relative to f and
that ΣT g ∩ {f = 0} = {0}. Then the refinement of Vf,
V ′ = {Vi ∩ {g = 0} \ ΣT g, Wgi ∩ Vi, T∆g = ∪Wgi ⊆ ΣT g ∣∣ Vi ∈ Vf}
is a good stratification of Xσg relative to f|Xgσ .
Proof. Since g is tractable at the origin with respect to V relative to f, for each
strata Vα ⊂ Xfσ, g|Vα has an isolated singularity at the origin or is non-singular.
Hence,Wgi ∩{f = 0}\ΣT f = {0}. Also, since ΣT f ⊂ {f = 0}, we have ΣT f∩ΣT g = {0}.
So,
V ′ = {T∆ ∩ {g = 0} \ {f = 0} ∪ ΣT g, T∆ ∩ {f = 0} ∩ {g = 0} \ ΣT f ∪ ΣT g,
Wfi ∩ {g = 0} \ ΣT g, Wgi \ {f = 0}, Wgi ⊂ ΣT g, Wfi ⊂ ΣT f
∣∣ T∆ ∈ T }.
Notice that the sets in V ′ are smooth varieties. First, {g = 0} \ ΣWg intersects the
open subset T∆ \ {f = 0} ⊂ T∆ transversely. On the other hand, since g is tractable
at the origin with respect to Vf relative to f, T∆ ∩ {f = 0}∩ {g = 0} \ ΣT f∪ ΣT g and
Wfi ∩ {g = 0} \ ΣT g,Wfi ⊂ ΣT f are smooth subvarieties. Therefore, the sets in V ′
are strata.
Since ΣWg ∩ {f = 0} = {0}, (Xgσ)f is union of strata of type T∆ ∩ {g = 0} ∩ {f =
0} \ ΣWf ∪ ΣWg and Wgi ∩ {f = 0} \ ΣWf,Wgi ⊂ ΣWg.
Let us verify that the collection
{
T∆ ∩ {g = 0} \ {f = 0} ∪ ΣWg, Wgi \ {f = 0}
}
is
a Whitney stratification of Xgσ \ {f = 0}. The pair(
T∆1 ∩ {g = 0} \ {f = 0} ∪ ΣT g, T∆2 ∩ {g = 0} \ {f = 0} ∪ ΣT g
)
is Whitney regular, since {g = 0} \ ΣT g intersects the open subset T∆i \ {f = 0} of
T∆i transversely, i = 1, 2, and (T∆1 , T∆2) is Whitney regular. The pair(W
g
1 \ {f =
0},W
g
2 \ {f = 0}) is Whitney regular, since W
g
i \ {f = 0} is an open subset of
W
g
i , i = 1, 2, and (W
g
1 ,W
g
2 ) is Whitney regular. Since
T∆ ∩ {g = 0} \ {f = 0} ∪ ΣT g *Wgi \ {f = 0} ⊂ ΣT g,
we need to verify the pair(
T∆ ∩ {g = 0} \ {f = 0} ∪ ΣT g, Wgi \ {f = 0}
)
where Wgi ⊂ ΣT g.
This pair is Whitney regular, since T∆ ∩ {g = 0} \ {f = 0}∪ΣT g and Wgi \ {f = 0} are
open subsets of T∆∩{g = 0}\ΣT g andWgi , respectively, and (T∆∩{g = 0}\ΣT g, Wgi )
is Whitney regular.
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Now we verify the Thom conditions. Let f˜ and g˜ be analytic extensions of f
and g, respectively, in a neighborhood of p.
(1) Let Vγ = T∆ ∩ {g = 0} ∩ {f = 0} \ ΣT f ∪ ΣT g. Since p 6∈ ΣT f and p 6∈ ΣT g,
TpVγ = TpT∆ ∩ TpV(g˜) ∩ TpV(f˜).
(a) Let Vλ = T∆1 ∩ {g = 0} \ {f = 0} ∪ ΣT g. Since p 6∈ {f = 0},
TpiV
(
f|Vλ − f|Vλ
)
= TpiV(f˜− f˜(pi)) ∩ Tpi
(
T∆1 ∩ {g = 0} \ {f = 0} ∪ ΣT g
)
= TpiV(f˜− f˜(pi)) ∩ Tpi
(
T∆1 \ {f = 0}
) ∩ TpiV(g˜)
= TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1) ∩ TpiV(g˜).
Since p 6∈ ΣT f, we have that lim
pi→p TpiV(f˜ − f˜(pi)) exists and it is equal
to TpV(f˜). Analogously, since p 6∈ ΣT g, we obtain that lim
pi→p TpiV(g˜) =
TpV(g˜). Also, since (T∆1 , T∆) is Whitney regular, we have the inclusion
TpT∆ ⊂ lim
pi→p TpiT∆1 . Hence
TpVγ = TpT∆ ∩ TpV(f˜) ∩ TpV(g˜) ⊆ lim
pi→p TpiT∆1 ∩ TpiV(f˜) ∩ TpiV(g˜)
= lim
pi→p TpiV(f|Vλ − f|Vλ(pi)),
where the last equality is justified by g be tractable at the origin with
respect to Vf and, therefore, TpV(g˜) intersects Tp(T∆ ∩ {f = 0} \ ΣT f) =
TpT∆ ∩ TpV(f˜) transversely.
(b) Let Vλ =W
g
i \ {f = 0},W
g
i ∈ ΣT g. Since p 6∈ {f = 0},
TpiV(f|Vλ − f|Vλ) = TpiV(f˜− f˜(pi)) ∩ Tpi(Wgi \ {f = 0})
= TpiV(f˜− f˜(pi)) ∩ Tpi(Wgi ).
Since p 6∈ ΣT f, we have the equality lim
pi→p TpiV(f˜ − f˜(pi)) = TpV(f˜).
Moreover, since
(T∆ ∩ {g = 0} \ ΣT g, Wgi )
is Whitney regular,
Tp
(
T∆ ∩ {g = 0} \ ΣT g
) ⊂ lim
pi→p TpiWgi .
Hence,
TpVγ = TpT∆ ∩ TpV(f˜) ∩ TpV(g˜) ⊆ lim
pi→p TpiWgi ∩ limpi→pV(f˜− f˜(pi))
= lim
pi→p TpiV(f|Vλ − f|Vλ(pi)).
Since g is tractable at the origin with respect to Vf, TpV(g˜) intersects
Tp(T∆ ∩ V(f˜)) transversely. Then, TpV(f˜) = lim
pi→pV(f˜ − f˜(pi)) intersects
lim
pi→p TpiWgi transversely, which justifies the last equality.
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(2) Let Vγ =Wfi ∩ {g = 0}\ΣT g, where Wfi ∈ ΣT f ⊂ {f = 0}. Since g is tractable
at the origin with respect to Vf relative to f, {g = 0} \ ΣT g intersects {f = 0}
transversely, so
TpVγ = Tp(W
f
i ∩ {g = 0} \ ΣT g) = TpWfi ∩ TpV(g˜).
(a) Let Vλ = T∆1 ∩ {g = 0} \ ΣT g ∪ {f = 0}. As we have seen,
lim
pi→p TpiV
(
f|Vλ − f|Vλ(pi)
)
= lim
pi→p TpiV
(
f˜− f˜(pi)
) ∩ Tpi(T∆1) ∩ TpiV(g˜).
Since Vf is a good stratification of Xσ relative to f,
TpW
f
i ⊆ lim
pi→pV
(
f|T∆1\{f=0}
− f|T∆1\{f=0}
(pi)
)
= lim
pi→p TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1 \ {f = 0})
= lim
pi→p TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1)
Nevertheless, since p 6∈ ΣT g, lim
pi→pV(g˜) = TpV(g˜). Then,
TpVγ = TpW
f
i ∩ TpV(g˜) ⊆ lim
pi→p TpiV(f˜− f˜(pi)) ∩ TpiT∆1 ∩ TpV(g˜)
= lim
pi→p TpiV(f˜− f˜(pi)) ∩ TpiT∆1 ∩ TpiV(g˜)
= lim
pi→p TpiV(f|Vλ − f|Vλ(pi)).
(b) Since Vγ ⊂ Vλ, the case where Vλ = Wgi \ {f = 0} ⊂ ΣT g does not
happen.

Using Remark 3.2 and Lemma 3.3 we compute the difference Bf,Xσ(0)−Bf,Xgσ(0)
without the hypothesis about the dimension of ΣT f or ΣT g.
Theorem 3.4. Let Xσ ⊂ Cn be a d-dimensional toric variety and g, f : Xσ → C non-
degenerate functions. Suppose that g is tractable at the origin with respect to Vf relative
to f. Then, for 0 < |δ| ε 1,
Bf,Xσ(0) − Bf,Xgσ(0) −
r∑
i=1
Cf,Wi
(
EuXσ(wi) − EuXgσ(wi)
)
= (−1)d−1m (3.1)
where m is the number of stratified Morse critical points of a partial morsefication of
g : Xσ ∩ f−1(δ) ∩ Bε → C appearing on Xσreg ∩ f−1(δ) ∩ {g 6= 0} ∩ Bε and Cf,Wi =
χ(Wgi ∩ f−1(δ) ∩ Bε).
Proof. By [13, Corollary 4.3], for 0 < |δ| ε 1 we have
Bf,Xσ(0) −
∑
Vi⊂Vf
χ
(
Vi ∩ Xgσ ∩ f−1(δ) ∩ Bε
) · EuXσ(Vi) = (−1)d−1m.
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If Vi 6⊆ ΣVfg, Vi intersects {g = 0} transversely and EuXσ(Vi) = EuXgσ(Vi ∩ g−1(0)),
then∑
Vi⊂Vf
χ
(
Vi ∩ Xgσ ∩ f−1(δ) ∩ Bε
) · EuXσ(Vi) = ∑
Vi 6⊆ΣVfg
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXgσ(Vgi )
+
q∑
l=1
χ
(
V
g
l ∩ f−1(δ) ∩ Bε
) · EuXσ(Vl),
where Vgi denotes the intersection Vi∩g−1(0). From Remark 3.2, if Vl ⊂ ΣVfg then
Vl = T
l
∆g
\ {f = 0}. Therefore Vl can be decomposed as
T l∆g \ {f = 0} =
kl∆g⋃
t=1
W
g
t .
Then,
χ
(
T l∆g ∩ g−1(0) ∩ f−1(δ) ∩ Bε
)
=
kl∆g∑
t=1
χ
(
W
g
t ∩ f−1(δ) ∩ Bε
)
=
kl∆g∑
t=1
Cf,Wt ,
and we obtain∑
Vi⊂Vf
χ
(
Vi ∩ Xgσ ∩ f−1(δ) ∩ Bε
) · EuXσ(Vi) = ∑
Vi 6⊆ΣVf
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXgσ(Vgi )
+
q∑
l=1
kl∆g∑
t=1
Cf,Wt · EuXσ(wt).
On the other hand,
Bf,Xgσ(0) =
∑
Vi 6⊆ΣVf
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXgσ(Vgi )
+
q∑
l=1
kl∆g∑
t=1
Cf,Wt · EuXgσ(wt).
Therefore,∑
Vi⊂Vf
χ
(
Vi∩Xgσ∩f−1(δ)∩Bε
)·EuXσ(Vi) = Bf,Xgσ(0)− r∑
i=1
Cf,Wi
(
EuXgσ(wi)−EuXσ(wi)
)
.

4. Euler obstruction, Morse points and torus action
Using Theorem 3.4, we present formulas to compute the Brasselet number of a
function defined on a non-degenerate hypersurface.
Let Xσ ⊂ Cn be a d-dimensional toric variety and g, f : Xσ → C non-degenerate
functions. Let T be the decomposition of Xσ =
⊔
∆≺σˇ T∆ into T -orbits, and Tg the
decomposition of Xgσ =
⊔
∆≺σˇ T∆ ∩ Xgσ. Since g is a non-degenerate function, Tg is
a decomposition of Xgσ into smooth subvarieties [31, Lemma 4.1].
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In the next results we work in the situation where Tg is a Whitney stratification.
Proposition 4.1. Let Xσ ⊂ Cn be a d-dimensional toric variety and g, f : Xσ → C non-
degenerate functions. Suppose that g is tractable at the origin with respect to Vf relative
to f. If Tg is a Whitney stratification, then
Bf,Xσ(0)−Bf,Xgσ(0)−
∑
Γ+(g)∩∆=∅
Cf,T∆∩Xgσ ·
(
EuXσ(T∆∩Xgσ)−EuXgσ(T∆∩Xgσ)
)
= (−1)d−1m,
where m is the number of stratified Morse critical points of a partial morsefication of
g : Xσ ∩ f−1(δ) ∩ Bε → C appearing on Xσreg ∩ f−1(δ) ∩ {g 6= 0} ∩ Bε and
Cf,T∆∩Xgσ = χ(T∆ ∩ f−1(δ) ∩ Bε) = (−1)dim∆−1
µ(∆)∑
i=1
VolZ(Γ∆i ).
Proof. As Tg is a Whitney stratification, we do not need refine the strata T∆g ⊂
ΣT g in the stratification V ′ that appear in Lemma 3.3. Therefore, denoting the
intersections Vi ∩ g−1(0) and T∆ ∩ g−1(0) by Vgi and Tg∆, respectively, we have∑
Vi⊂Vf
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXσ(Vi) = ∑
Vi 6⊆ΣVfg
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXgσ(Vgi )
+
∑
Γ+(g)∩∆=∅
χ
(
T
g
∆ ∩ f−1(δ) ∩ Bε
) · EuXσ(Tg∆),
and
Bf,Xgσ(0) =
∑
Vi 6⊆ΣVf
χ
(
V
g
i ∩ f−1(δ) ∩ Bε
) · EuXgσ(Vgi )
+
∑
Γ+(g)∩∆=∅
χ
(
T
g
∆ ∩ f−1(δ) ∩ Bε
) · EuXgσ(Tg∆).
Moreover, if Γ+(g) ∩ ∆ = ∅ then T∆ ⊂ Xgσ, since g is non-degenerate. 
Let l : Cn → C be a generic linear form which is generic with respect to Xσ,
then Vl is a good stratification of Xσ induced by l (see [36, Lemma 3.3]). Therefore,
Lemma 3.3 can be applied and we obtain a good stratification Vl of Xσ relative to
l such that V ′ is a good stratification of Xgσ relative to l|Xgσ .
Remark 4.2. Let Xσ ⊂ Cn be a d-dimensional toric variety. If l is a generic linear
form with respect to Xσ, l does not have singularities in Xσ out of the origin, in
particular, l does not have singularities on the dense orbit, which is diffeomorphic
to (C∗)d. Hence l is a non-degenerate function.
Corollary 4.3. Let Xσ ⊂ Cn be a d-dimensional toric variety, g : (Xσ, 0) → (C, 0) a
non-degenerate function and l a generic linear form on Cn. Suppose that g is tractable at
the origin with respect to Vl relative to l. If Tg is a Whitney stratification, then
EuXσ(0) − EuXgσ(0) −
∑
Γ+(g)∩∆=∅
Cl,T∆∩Xgσ
(
EuXσ(T∆) − EuXgσ(T∆)
)
= (−1)d−1m,
where and m is the number of stratified Morse critical points of a partial morsefication of
g : Xσ ∩ l−1(δ) ∩ Bε → C appearing on Xσreg ∩ l−1(δ) ∩ {g 6= 0} ∩ Bε and
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Cl,T∆∩Xgσ = χ(T∆ ∩ l−1(δ) ∩ Bε) = (−1)dim∆−1
µ(∆)∑
i=1
VolZ(Γ∆i ).
Corollary 4.4. Let Xσ = Cn be a n-dimensional toric variety, g : (Xσ, 0) → (C, 0) a
non-degenerate function and l a generic linear form on Cn. Suppose that g is tractable at
the origin with respect to Vl relative to l. If Tg is a Whitney stratification, then
EuXgσ(0) +
∑
Γ+(g)∩∆=∅
(−1)dim∆ · EuXgσ(T∆) = (−1)nm+
∑
Γ+(g)∩∆=∅
(−1)dim∆ + 1,
where and m is the number of stratified Morse critical points of a partial morsefication of
g : Xσ ∩ l−1(δ) ∩ Bε → C appearing on Xσreg ∩ l−1(δ) ∩ {g 6= 0} ∩ Bε.
Proof. As Xσ = Cn, the semigroup has exactly n generators, more precisely Sσ =
〈e1∗, . . . , en∗〉. From this fact and the fact that l is generic, for each face ∆ such
that Γ+(g) ∩ ∆ = ∅ there exists exactly one compact face of Γ+(l) ∩ ∆. Then
Cl,T∆∩Xgσ = χ(T∆ ∩ l−1(δ) ∩ Bε) = (−1)dim∆−1VolZ(Γ∆1 ),
to finish, remember that l is linear, therefore VolZ(Γ∆1 ) = 1. 
As a consequence of Corollary 4.4, we have that if Xσ = Cn is a n-dimensional
toric variety then the number of stratified Morse critical points is determined by
the Euler obstruction of the hypersurface Xgσ and by the combinatorial of the
torus action. However, this fact also happens in the case where Xσ not nec-
essarily is smooth. But, in this situation we need to consider the case where
(g, f) : (Xσ, 0) → (C2, 0) is a non-degenerate complete intersection. More pre-
cisely, if (g, f) : (Xσ, 0)→ (C2, 0) is a non-degenerate complete intersection and Tg
is a Whitney stratification, then by [10, Theorem 3.2]
Bf,Xgσ(0) =
∑
Γ+(f)∩∆6=∅
dim∆ ≥ m(∆)
(−1)dim∆ − m(∆)
ν(∆)∑
i=1
d∆i · K∆i
 · EuXgσ(T∆ ∩ Xgσ).
By [10, Proposition 3.4],
Bf,Xσ(0) =
∑
Γ+(f)∩∆6=∅
(−1)dim∆−1
µ(∆)∑
i=1
VolZ(Γ∆i )
 · EuXσ(T∆).
Moreover, since (g, f) is a non-degenerate complete intersection, the functions g
and f are non-degenerate, then by Proposition 4.1 the following equation holds
Bf,Xσ(0)−Bf,Xgσ(0)−
∑
Γ+(g)∩∆=∅
Cf,T∆∩Xgσ
(
EuXσ(T∆∩Xgσ)−EuXgσ(T∆∩Xgσ)
)
= (−1)d−1m,
where
Cf,T∆∩Xgσ = χ(T∆ ∩ f−1(δ) ∩ Bε) = (−1)dim∆−1
µ(∆)∑
i=1
VolZ(Γ∆i ).
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The Euler obstruction EuXσ(T∆) of the toric variety Xσ in each stratum T∆ is given
by the combinatorial that came from the torus action (see [30]). Therefore, m is
completely determined by the Euler obstruction of the hypersurface Xgσ, and the
combinatorial of the torus action.
5. Constancy of Euler obstruction, Brasselet numbers and Morse points
In an unpublished lecture note [8], Brianc¸on considered functions defined in Cn
and observed that if {ft} is a family of isolated complex hypersurface singularities
such that the Newton boundary of ft is independent of t and ft is non-degenerate,
then the corresponding family of hypersurfaces {f−1t (0)} is Whitney equisingular
(and hence topologically equisingular). A first generalization of this assertion to
families with non-isolated singularities was given to the case of non-degenerate
complete intersections by Oka [33] under a rather technical assumption.
In [15] Eyral and Oka restricted themselves to the case of hypersurfaces, and
gave a new generalization under a simple condition. As in [33], to dealing with
non-isolated singularities, the authors considered not only the compact faces of
the Newton polygon but also “essential” non-compact faces. The union of the
compact and essential non-compact faces forms the non-compact Newton boundary.
As application of Proposition 4.1 and also of [15, Theorem 3.6] we prove that the
number of Morse critical points is invariant for a special family of hypersurfaces.
This type of family is called admissible (see [15, Definition 3.5]). First, we need
some new concepts and notations.
Definition 5.1. A deformation of a function germ f : (X, 0) → (C, 0) is another func-
tion germ F : (C× X, (0, 0))→ (C, 0) such that F(0, x) = f(x), for all x ∈ X.
We assume that F is origin preserving, that is, F(t, 0) = 0 for all t ∈ C, so
we have a 1-parameter family of function germs ft : (X, 0) → (C, 0) given by
ft(x) = F(t, x). Moreover, associated to the family ft : (X, 0) → (C, 0) we have the
family Xft := X ∩ f−1t (0) of subvarieties of X.
In the particular case of a polynomial function f : (X, 0) → (C, 0), any polyno-
mial deformation ft can be written as:
ft(x) = f(x) +
r∑
i=1
θi(t) · hi(x) (5.1)
for some polynomials hi : (X, 0)→ (C, 0) and θi : (C, 0)→ (C, 0), where θi(0) = 0,
for all i = 1, . . . , r.
Suppose that f : Xσ → C is a polynomial function defined on a toric variety
Xσ. Consider a family as in Eq. (5.1) with Γ+(hi) ⊂ Γ+(f), for all i = 1, . . . , r. Let
γ∆i1 , γ
∆
i2
, . . . , γ∆iν(∆) and β
∆
1 , β
∆
2 , . . . , β
∆
µ(∆) be the compact faces of Γ+(hi) ∩ ∆ and of
Γ+(f) ∩ ∆, respectively, such that dimγ∆l = dimβ∆j = dim∆ − 1. If for each face
∆ ≺ σˇ, with Γ+(hi) ∩ ∆ 6= ∅, we have that γ∆il ∩ β∆j = ∅, for all l = 1, . . . , iν(∆) and
j = 1, . . . , µ(∆), then
Γ+(ft) = Γ+(f), for all t ∈ C.
That is, the Newton polygon Γt(ft) is independent of t.
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In the next definition and in Theorem 5.3 we consider Xσ = Cn.
Definition 5.2. We say that a family f−1t (0) of (possibly non-isolated) hypersurface sin-
gularities is Whitney equisingular if there exist a Whitney stratification of the hyper-
surface F−1(0) in an open neighborhood U of the origin (0, 0) ∈ C × Cn such that the
t-axis U ∩ (D× {0}) is a stratum, where D is an open disc centered at 0 ∈ C.
In [15] Eyral and Oka stratified C × Cn in such a way that the hypersurface
F−1(0) is a union of strata. More precisely, they considered the following three
types of strata:
• A∆ := U ∩ (F−1(0) ∩ (C× T∆)) for ∆ such that Γ+(f0) ∩ ∆ = ∅;
• B∆ := U ∩ ((C× T∆) \ (F−1(0) ∩ (C× T∆))) for ∆ such that Γ+(f0) ∩ ∆ = ∅;
• C∆ := U ∩ (C× T∆) for ∆ such that Γ+(f0) ∩ ∆ 6= ∅.
The finite collection
TF :=
{
A∆, B∆
∣∣ Γ+(f0) ∩ ∆ = ∅} ∪ {C∆ ∣∣ Γ+(f0) ∩ ∆ 6= ∅}
is a stratification of the set U ∩ (C× Cn) for which U ∩ F−1(0) is a union of strata.
Theorem 5.3 ([15], Theorem 3.6). If the family of polynomial functions {ft} is admis-
sible, then the canonical stratification TF of U ∩ (C × Cn) described above is a Whitney
stratification, and hence, the corresponding family of hypersurfaces {f−1t (0)} is Whitney
equisingular.
If the family of polynomial functions {ft} is admissible, then the stratification TF
provides a Whitney stratification of each hypersurface f−1t (0), which we will de-
note by Tt. Moreover, for each t this stratification coincides with the stratification
Tft provided by the orbits of the torus action. Therefore, we have the following
application of Proposition 4.1.
Let ft : (Xσ, 0) → (C, 0) and gs : (Xσ, 0) → (C, 0) be families of non-degenerate
functions satisfying the following conditions:
(1) The Newton polygon of ft is independent of t;
(2) The family of polynomial functions {gs} is admissible, accordingly to the
Definition 3.5 of [15];
(3) For each s, t ∈ C the function gs is tractable at the origin with respect to
Vft relative to ft.
Theorem 5.4. Let Xσ = Cn be a n-dimensional toric variety and suppose that gs, ft :
(Xσ, 0) → (C, 0) are families of non-degenerate functions satisfying the conditions (1),
(2) and (3) above. Then, the number of stratified Morse critical points, mst, of a partial
morsefication of gs : Xσ ∩ f−1t (δ) ∩ Bε → C appearing on Xσreg ∩ f−1t (δ) ∩ {gs 6= 0} ∩ Bε
is independent of t and s.
Proof. From Proposition 4.1, for each s and t, the equality below holds
Bft,Xσ(0) − Bft,Xgsσ (0) −
∑
Γ+(gs)∩∆=∅
Cft,T∆∩Xgsσ
(
1− EuXgsσ (T∆ ∩ Xgsσ )
)
= (−1)d−1mst.
Moreover, by Theorem 5.3 the family of hypersurfaces {Xgsσ } is Whitney equisin-
gular. Then, there exists a linear function l : Cn → C which is generic with respect
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to Xgsσ , for all s. From [10, Theorem 4.1], the number EuXgsσ (T∆ ∩ X
gs
σ ) is constant
for all s. Consequently the Brasselet numbers Bft,Xgsσ (0) and Bft,Xσ(0) are inde-
pendent of s and t (see [10, Corollary 3.6] and the arguments used in its prove).
Applying [31, Corollary 3.6], we also obtain the constancy of the number
Cft,T∆∩Xgsσ = χ(T∆ ∩ f−1f (δ) ∩ Bε) = (−1)dim∆−1
µ(∆)∑
i=1
VolZ(Γ∆i ),
since the family {ft} satisfies (1) and {gs} satisfies (2). The independence of the
sets
{∆ ≺ σˇ | Γgs ∩ ∆ = ∅}
and
{∆ ≺ σˇ | Γgs ∩ ∆ 6= ∅}
are also insured by condition (2). Therefore, the result follows.

Remark 5.5. For more details about the independence of s on the family of poly-
nomial functions {gs} we refer to [15, page 8].
As we said before, if the family of polynomial functions {ft} is admissible, the
stratification TF is Whitney. However this can may happen, even when the family
is not admissible. As we see in the next example.
Example 5.6. Let Sσ = Z3+ and let Xσ = C3 be the smooth 3-dimensional toric
variety. Consider g, l : Xσ → C non-degenerate functions, where
g(z1, z2, z3) = z
2
2 − z
3
1 − z
2
1z
2
3
and
l(z1, z2, z3) = z1 + z2 + z3.
The decomposition V = {V0 = {0}, V1 = {axis − z3} \ {0}, V2 = (Xgσ)reg} is a
Figure 1. Real illustration of Xgσ.
Whitney stratification of the non-degenerate hypersurface Xgσ, where (X
g
σ)reg is
the regular part of Xgσ (see Figure 1). For a subset I ⊂ {1, 2, 3} we denote the
face
∑
i∈IR+ei∗ of σˇ = (R3+)∗ by ∆I and by ∆0 the face {0}, where ei∗ denotes the
elements of the canonical basis of (R3)∗. The Whitney stratification T of Xσ is
given by the following T -orbits: T∆0 = {0}, T∆1 = C∗× {0}× {0}, T∆2 = {0}×C∗× {0},
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T∆3 = {0}× {0}×C∗, T∆12 = C∗×C∗× {0}, T∆13 = C∗× {0}×C∗, T∆23 = {0}×C∗×C∗,
T∆123 = C∗ × C∗ × C∗. As
T∆3 ∩ Xgσ = T∆3 = V1
the stratification
Tg = {T∆I ∩ Xgσ, ∆0}∆I≺σˇ
is a Whitney stratification of Xgσ. The face ∆3 is the only non-zero dimensional
face such that Γ+(g) ∩ ∆3 = ∅. From Corollary 4.4,
EuXgσ(0) + (−1)
dim∆3 · EuXgσ(T∆3) = (−1)3 ·m+ (−1)dim∆3 + 1.
Therefore,
EuXgσ(0) − EuXgσ(T∆3) = −m− 1+ 1 = −m
since dim∆3 = 1.
We finish with an observation about good stratifications in toric varieties. Given
Xσ ⊂ Cn a d-dimensional toric variety and f : Xσ → C a non-degenerate function,
the partition {
Xfσ ∩ T∆, T∆ \ Xfσ, {0}
∣∣ T∆ ∈ T } (5.2)
is not a Whitney stratification in general. However, when dimΣT f = 1 the strati-
fication in Eq. (5.2) is a good stratification of Xσ relative to f.
Proposition 5.7. Let f : Xσ → C be a non-degenerate function. If dimΣT f = 1, then
Tf =
{
Xfσ ∩ T∆, T∆ \ Xfσ, {0}
∣∣ T∆ ∈ T }
is a good stratification of Xσ relative to f.
Proof. First we verify that Xfσ is a union of strata of Tf. Since {f = 0}\ΣT f intersects
T∆ transversely, T∆ ∩ {f = 0} \ ΣT f is smooth. Let us describe ΣT f. If T∆ contains
a critical point of f|T∆ , then each point of T∆ is a critical point of f|T∆ , since f is
non-degenerate. Therefore, ΣT f is a union of strata T∆. Hence, Xfσ is union of
strata of type T∆ ∩ {f = 0} \ ΣT f and T∆ ⊂ ΣT f.
Nevertheless, {T∆ \ {f = 0} | T∆ ∈ T } is a Whitney stratification of Xσ \ Xfσ, since
T∆ \ {f = 0} is an open subset of T∆ and {T∆}∆≺σˇ is a Whitney stratification of Xσ.
Now we verify the Thom condition. Let Vα = T∆1\{f = 0} and Vβ = T∆2∩{f = 0}.
Suppose that p 6∈ ΣT f. Then
TpVβ = Tp(T∆2 ∩ {f = 0}) = TpT∆2 ∩ TpV(f˜),
where f˜ is an analytic extension of f in a neighborhood of p. Therefore, since
pi 6∈ {f = 0} we have that
TpiV(f|Vα − f|Vα(pi)) = TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1 \ {f = 0})
= TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1)
and
T = lim
i→∞ TpiV(f|Vα − f|Vα(pi)) = limi→∞ TpiV(f˜− f˜(pi)) ∩ Tpi(T∆1)
⊆ lim
i→∞ TpiV(f˜− f˜(pi)) ∩ limi→∞ Tpi(T∆1).
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Define T1 := lim
i→∞ Tpi(T∆1). Since Whitney’s condition (a) is valid over (T∆1 , T∆2),
we have the inclusion TpT∆2 ⊆ T1. If p 6∈ ΣT f, then TpV(f˜) intersects TpT∆2 trans-
versely. Hence, TpV(f˜) intersects T1 transversely. As a consequence we obtain,
T = lim
i→∞ TpiV(f|Vα − f|Vα(pi)) = limi→∞ TpiV(f˜− f˜(pi)) ∩ limi→∞ Tpi(T∆1)
= TpV(f˜) ∩ T1.
So, TpVβ = TpT∆2 ∩ TpV(f˜) ⊆ T1 ∩ TpV(f˜) = T .
Suppose now that p ∈ ΣT f. Since Thom stratifications always exist, one may
refine a stratum T∆ ⊂ ΣT f in such a way the Thom condition is satisfied. Since ΣT f
is one-dimensional, this refinement would be done by taking off a finite number
of points. Then, in a small neighborhood of the origin, the Thom condition is
verified over the strata of type T∆ ⊂ ΣT f. 
When Xσ = Cn, the result above was also proved in [22, Remark 1.29], therefore
Proposition 5.7 can be viewed as a generalization of Massey’s result.
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